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An abstract differential equation with sectorial operator is shown to generate a
dissipative semigroup whenever an appropriate introductory estimate for solutions
is known. Based on Hale's theory of dissipative systems such an a priori estimate is
then shown to be sufficient for existence of a global attractor. Examples contained
in the final part of the paper illustrate presented ideas.  1996 Academic Press, Inc.
1. Introductory Notes
A number of examples of parabolic initial boundary value problems can
be shown to fall into the class of abstract evolutionary equations:
u* +Au=F(u), t>0,
(1)
u(0)=u0 ,
where A is a sectorial operator with compact resolvent in an appropriate
Banach space X. A commonly known advantage of studying problems of
this type is that some estimates, necessary to provide control over the
asymptotic behavior of solutions, become then much easier. When the
semigroup T(t) generated by (1) maps bounded sets into bounded sets,
then it is known in advance [HA, Th. 4.2.2] that T(t) needs to be compact
for t>0. Moreover, the results of [HA] ensure generally, that for problems
which admit the formulation (1), it is the point dissipativeness which is the
crucial property for the construction of an attractor for T(t).
Nevertheless, in various problems, especially when equations describing
physical or biological phenomena are considered, we are often given addi-
tional information about the problem, for example an a priori estimate of
solutions in the norm of some Banach space Y, where D(A)/Y. Such an
estimate results usually from the natural properties of the process described
by the equation, e.g. mass conservation property or the behaviour of the
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energy functional. Our special concern here will be the case, when for some
subset V of the phase space on which (1) is considered this a priori estimate
is asymptotically independent of u0 # V.
We shall show in this paper that, under usual assumptions on F, the
existence of an attractor for the semigroup generated by (1) is merely a
consequence of such an a priori estimate, provided that a suitable set V can
be indicated as the domain of asymptotic independence of this estimate of
initial conditions.
As the illustration of ideas introduced above may serve initial boundary
value problems for semilinear parabolic equations with uniformly strongly
elliptic operators. It is well known that in order to guarantee global
solvability of these problems, apart from certain growth restrictions for
nonlinearities (cf. Remark 1), only any weak a priori estimate of solutions
is needed. The abstract result proved in this paper ensures then, that
asymptotic independence of such an a priori estimate on initial function is
a necessary and sufficient condition for the existence of a global attractor.
Theoretical considerations of the following section are mostly based on
the monographs [HA] and [HE], hence standard notation used there will
be followed in this paper. Both the formulation of the condition (2) and
certain ideas concerning global existence of solutions are analogous to
those of [AM, Sec. 5]. However, our main concern here is the dissipativeness
of the considered system. More precisely, we shall give some general
abstract conditions for F sufficient for the existence of an attractor for (1).
2. Abstract Result
Let us assume that A is a sectorial operator with compact resolvent in
a Banach space X, Re(_(A))>a>0, for some :1 # [0, 1) the function
F : D(A:1)  X is Lipschitz continuous on bounded sets, Y is a Banach
space, D(A)/Y, and on any solution u: [0, {max(u0))  D(A:1) of (1)
(varying in D(A) for t>0; [HA, p. 72]) the estimate:
&F(u(t))&Xg(&u(t)&Y)(1+&A:1u(t)&%X), (2)
holds with some % # [0, 1) and an increasing function g: R+  R+.
Additionally we take that the following a priori estimate for solutions of
(1) is known:
&u(t)&Yc1(u0), t>0. (3)
Then, for all : # [:1 , 1):
Theorem 1. The solution u of the problem (1) corresponding to u0 # D(A:)
exists globally for t0 and T(t) u0=u(t, u0) (t0) defines a strongly
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continuous semigroup of operators T(t): D(A:)  D(A:), t0. Moreover,
when the function c1 in (3) is bounded on bounded subsets of D(A:), then
T(t) takes bounded sets into bounded sets and is compact for t>0. If addi-
tionally, for some V/D(A:), the introductory estimate (3) is asymptotically
independent of u0 # V, then there is a bounded subset of D(A:) attracting
each point of V.
Proof. Starting from the integral equation
u(t)=e&Atu0+|
t
0
e&A(t&s)F(u(s)) ds, (4)
and following the general ideas of [HE, Sec. 3.3], [AM, Sec. 3] we obtain,
in the presence of (2), that:
&A:u(t)&X&A:e&Atu0&X
+|
t
0
&A:e&A(t&s)&L(X, X ) g(&u(s)&Y)(1+&A
:u(s)&%X) ds. (5)
Using further the a priori estimate (3) together with standard properties
([HE, Sec. 1.4]) of both analytical semigroups and powers of A (note that
g is increasing), we get from (5):
&A:u(t)&Xc2e&at &A:u0&X+g(c1(u0)) c2
_
1(1&:)
a1&:
(1+ sup
{ # [0, t]
&A:u({)&%X), (6)
i.e. as long as a solution exists, sup{ # [0, t] &A:u({)&X satisfies the inequality
zb(1+z%), (7)
with b=max[c2 &A:u0&X , g(c1(u0)) c2(1(1&:)a1&:)]. Hence for each
u0 # D(A:), the problem (1) has a global solution and
sup
{ # [0, )
&A:u({)&Xz1(u0), (8)
where z1 is the positive root of b(1+z%)&z=0. According to [HA, Sec. 4.2],
a strongly continuous semigroup of operators T(t): D(A:)  D(A:), t0,
is then generated by (1) and, as follows easily from (6)(8), T(t) takes
bounded sets into bounded sets whenever c1 is locally bounded on D(A:).
In consequence, since the resolvent of A is compact, then also T(t) is compact
on D(A:) for all t>0.
To show that T(t) is point dissipative, a more precise estimate for
&A:u(t)&X is needed. Let V be an indicated subset of D(A:) such that
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condition (3) is asymptotically independent of u0 # V. Then for each u0 # V
there is a positive time t0(u0) such that for arbitrarily chosen t>{>t0(u0)
estimate (3) may be rewritten as:
sup
s # [{, t)
&u(s)&Yc$1 , (9)
where c$1 is independent of u0 # V. For u0 # V we now obtain from (5):
&A:u(t)&Xc2e&at &A:u0&X
+\|
{
0
+|
t
{+ &A:e&A(t&s)&L(X, X ) g(&u(s)&Y)(1+&A:u(s)&%X) ds
c2e&at &A:u0&X+g(c1(u0))
_(1+ sup
s # [0, {]
&A:u(s)&%X) |
t
t&{
c2
e&ay
y:
dy
+g(c$1)(1+ sup
s # [{, t]
&A:u(s)&%X)
_|
t&{
0
c2
e&ay
y:
dy, t>{>t0(u0). (10)
Let us fix some {={0>t0(u0) in (10) such that:
sup
s # [{0, +)
&A:u(s)&%X1+lim sup
t  +
&A:u(t)&%X . (11)
Since the two first components of the sum on the right side of (10) tend to
zero when t  +, then the upper limit lim supt  + &A:u(t)&X satisfies
the condition:
lim sup
t  +
&A:u(t)&Xg(c$1) c2
1(1&:)
a1&:
(1+ sup
s # [{0, +)
&A:u(s)&%X). (12)
Recalling (11) and defining c3 :=g(c$1) c2(1(1&:)a
1&:) we get further
from (12):
lim sup
t  +
&A:u(t)&Xc3(2+lim sup
t  +
&A:u(t)&%X). (13)
From (13), lim supt  + &A:u(t)&X satisfies similar to (7) inequality
zc3(2+z%), so that in consequence we obtain:
lim sup
t  +
&A:u(t)&Xz2 , (14)
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where z2>0 is defined as the solution of c3(2+z%)&z=0, and hence is
independent of u0 # V.
It follows from (14) that for each =>0 and each u0 # V there is some
t0(u0)>0 such that the trajectory starting from u0 enters to and remains
for t>t0(u0) in an =-neighbourhood of the bounded set P :=[v # D(A:);
&A:v&Xz2]. Thus P attracts points of V, which completes the proof of
Theorem 1. K
From Theorem 1 and general results of [HA, Sect. 4.2] we then have
immediately:
Theorem 2. For any : # [:1 , 1), whenever V is a complete metric sub-
space of D(A:) such that T(t)(V )/V for t0, the semigroup T(t) restricted
to V has a global attractor.
Remark 1. In applications to initial boundary value semilinear
parabolic problems it is the condition (2) which is crucial for validity of
Theorems 1, 2. Note however, that the estimate (2) follows easily in the
case when A is uniformly strongly elliptic and F is an abstract counterpart
of a function (with values in Rm) of type f=f (u, D1u, ..., Dku) with the
power growth:
| f (u, D1u, ..., Dku)|c \1+ :
k
j=0
|D ju| #j+ . (15)
We only require that exponents #j in (15) satisfy restrictions:
1#j<1+
2m&j
j&l+nr
if r(l&j)<n,
(16)
1#j arbitrarily large if nr(l&j),
and also a Banach space Y, in which an a priori estimate (3) is given,
should be a Sobolev space W l, r(0) with some l0, r1. For the proof of
this result we refer to [AM, Sections 4, 5] (cf. also [KI] and considera-
tions of [C-D1, Lem. 1], where conditions similar to (16) have been
explicitly derived).
We use this remark in the next section containing some examples
illustrating Theorems 1 and 2.
3. Examples
Example 1. Our first example will be the system of CahnHilliard
equations, a natural extension of the single CahnHilliard equation in the
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case when multicomponent alloys are considered. We shall study (cf.
[C-D2]):
wt=2[&1 2w+{w8(w)], (t, x) # R+_0,
{xwN |x # 0={x(2w) N |x # 0=0, (17)
w(0, x)=w0(x),
where 1=[1ij] is a symmetric and positive definite real m_m matrix, 0
is a bounded domain in Rn (n3) having C 4 regular boundary 0 and 8
is a function of the variable s=(s1 , ..., sm) of the form:
8(s)= :
m
i=1
a2i s
2p
i +(a polynomial of the order 2p&1),
(here p=2 if n=3). We also write in (17) {xw to denote a gradient m_n
matrix [wixj] and N for an outward normal vector to 0.
Defining, for a sufficiently large $>0, the function F(w)=2{w8(w)+$w
and the operator A=1 22+$I on L2=[L2(0)]m with the domain
D(A)=[, # H4; {x,N={x(2,) N=0 on 0] (here H j denotes the
product [H j(0)]m), it is easy to formulate (cf. [C-D2]) the problem (17)
in the abstract form (1) with A sectorial and having compact resolvent, and
F : D(A12)  L2 Lipschitz continuous on bounded sets.
By integration of (17) over 0 and by parts, we may also easily show
preservation of the spatial average of solutions which corresponds to mass
conservation, i.e.
w (t)=
1
|0| | w(t) dx=w 0 , t0. (18)
Similarly, multiplying (17) by (&1 2w+{w8(w)) and integrating over 0,
we find that
L(w(t))=| 12 tr({xwT1 {xw) dx+| 8(w) dx, (19)
is the Lyapunov functional for (17). With the use of (18) and (19), the
following counterpart for the a priori estimate (3) is then established:
&w(t)&H1c4(L(w0)&M |0| )+|w 0|, t0, (20)
where M denotes a lower bound for 8 on Rm. Moreover, calculations
similar to those of [C-D1, Ex. 1] show that:
|2 {w8(w)|const(1+|w| 7+|{w| 73+|2w| 75),
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i.e. F is bounded by a power function and hence, from Remark 1, condition
(2) is verified for any :1 # ( 34 , 1). According to Theorem 1 we then know
that for arbitrary : # ( 34 , 1) the problem (17) generates a strongly con-
tinuous semigroup of operators T(t): D(A:)  D(A:), t0. Also T(t) takes
bounded sets into bounded sets and is compact for t>0.
Next, for each !>0 and : # ( 34 , 1) we define:
V :! :=[w # D(A
:); |w |!]. (21)
Since V :! is closed and the condition (18) is satisfied, then V
:
! is a positively
invariant (with respect to T(t)) complete metric subspace of D(A:) and
clearly an |-limit set |(w0) of any element w0 # V :! is contained in V
:
! . It
is also clear that |(w0) attracts w0 in D(A:) (cf. [HA, Sect. 3.2]) and using
the Lyapunov functional (19) we may easily verify that |(w0) consists only
of stationary solutions v of (17). Moreover, from [C-D2, Lem 5., condition
(52)] stationary solutions of (17) fulfil the estimate:
&v&H1const1 |v |+const2 , (22)
so that we obtain the required asymptotic independence of the right hand
side in (20) of w0 # V :! . More precisely:
lim sup
t  +
&w(t)&H1const1!+const2 , w0 # V
:
! ,
since otherwise some w0 # V :! could not be attracted by |(w0) (note that
|(w0) is a compact subset of V :!). Thus, according to abstract theorems of
Section 2, for each : # ( 34 , 1) and !>0, the semigroup T(t) generated by
(17) on the metric space V :! has a global attractor.
Remark 2. Note that, as we observed in [C-D2, Sect. 1], it suffices
merely to assume that 8 satisfies growth conditions (4)(8) of [C-D2],
and hence, no particular form of 8 is needed. Furthermore, the restrictive
condition [C-D2, (5)] can be omitted, since it has only been used in
[C-D2] to show H2 boundedness of the set of stationary solutions and
thus is superfluous in the above approach.
However, if instead of the H1 introductory estimate of the solution u its
H2 estimate (cf. [TE, p. 156]) is taken (so that Y=[, # H2; {x,N | 0=0]
and the condition [C-D2, (5)] is required), then similarly as in [C-D1]
global attractor will be achieved on D(A:) for : # [ 12 , 1).
Example 2. Consider the single second order equation:
ut= :
n
i, j=1
(aij (x) uxi)xj+ f (x, u, {u), (23)
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x # 0/Rn, 0 bounded, smooth. We assume that aij are Ho lder continuous,
the main part is uniformly elliptic and the nonlinear term f is continuous
and also locally Lipschitz continuous with respect to functional arguments.
In the case of the homogeneous Dirichlet boundary condition we set:
Au := :
n
i, j=1
(aij (x) uxi)xj
and consider A on the domain D(A)=W 2, p(0) & W 1, p0 (0) with p>n.
Such an operator is sectorial (see [FR, pp. 7778], [RO, p. 15]) and as
a consequence of the inclusion W 2:1, p(0)/C1+&(0 ), where 0<&=2:1&
np&1, it is easy to see that for :1 # ( 12+n2p, 1) the nonlinear term acting
from D(A:1) to L p(0) is Lipschitz continuous on bounded sets. Indeed, for
an arbitrary set B bounded in D(A:1):
\w, v # B & f ( } , w, {w)&f ( } , v, {v)&Lp(0)
Lw(B) &w&v&Lp(0)+L{(B) &{w&{v&L p(0)
const &wv&W 1, p(0) , (24)
where Lw(B), L{(B) are Lipschitz constants with respect to functional
arguments for f restricted to B (B is bounded in C1+&(0 )).
Assume now that Y=L(0) and we have an a priori estimate of u of the
form:
&u(t)&L(0)&u0&L(0) , (25)
which is often a consequence of the Maximum Principle (e.g. when
f (x, u, 0)=0, see [WL, p. 199]). The restriction (15) then reduces to the
well known ``subquadratic growth condition'':
| f (x, u, {u)|h(u)(1+|{u| 2&), (26)
where h: R  R+ is locally Lipschitz continuous. Therefore the estimate
(25) together with the growth restriction (26) guarantee global solvability
of the Dirichlet problem for (23). To ensure existence of the global attrac-
tor we need to strengthen the assumptions on f. For f independent of {u
such a sufficient condition is well known (cf. [HE, p. 123], [HA, p. 75]),
and has the form
lim sup
|u|  
f (x, u)
u
0. (27)
Global in time and asymptotically independent of u0 estimate of the L2(0)
norm of u(t) is a familiar consequence of (27); moreover, using the
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iteration procedure of Alikakos [HE, p. 74] this estimate will be
strengthened to the L(0) estimate of u(t) also global in time and
asymptotically independent of u0 . The equation (23) with the Dirichlet
boundary data then generates a strongly continuous semigroup on
D(A12)=W 1, p0 (0) (when f is independent of {u then the inclusion
W 1, p0 (0)/L
(0), p>n ensures that the nonlinear term acting from
W 1, p0 (0) to L
p(0) is Lipschitz continuous on bounded sets). Moreover,
this semigroup possesses a global attractor the structure of which is
markedly dependent on the properties of stationary solutions; cf. [HE,
pp. 124126] for details.
Example 3. Let us study a system of second order parabolic equations
of the form (cf. [CO], [AL, Sect. 3], [AM, pp. 8182]):
ut= :
n
i, j=1
(Aij (x) uxi)xj+ :
n
i=1
Bi (x) uxi+f (x, u), (28)
equipped with initial-boundary conditions
u(0, x)=u0(x),
(29)
u| 0=0,
where u=(u1 , ..., uN), f=( f1 , ..., fN), 0 is a bounded smooth domain in Rn
(n3), and Aij=[a +&ij ], Bi=[b
+&
i ] are symmetric N_N matrices.
We shall assume that:
(i) Aij # C 1(0 ), Bi # C 0(0 ), Aij=Aji , and for some c0>0 and any
real nN-tuple q=(q +i ), +=1, ..., N, i=1, ..., n:
:
n
i, j=1
:
N
+, &=1
a +&ij (x) q
+
i q
&
j c0 |q|
2, x # 0 .
(ii) Function f is locally Lipschitz continuous in functional argu-
ments, globally Lipschitz with respect to x # 0 and satisfies conditions:
(u, f (x, u))
|u| 2
<;=
&b20
4c0
uniformly in x # 0 , (30)
| f (x, u)|b1+b2 |u| r, with fixed r<
n+2
n&2
, b1>0, b2>0, (31)
f (x, u)=M(x) u+{uH(x, u), (32)
where M(x) denotes some N_N antisymmetric matrix, H(x, u) stays for a
scalar function and b0 in (30) is related to the norm of Bi as in [CO, p. 612].
Thus the present example is seen to be the generalization of Example 2 to
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the system case. Additionally, as was shown in [CO, pp. 609611], the
problem (28)(29) admits the formulation (1) and can be written abstractly
as:
du
dt
=Apu+fp(u), u(0)=u0 , (33)
where Ap is a sectorial operator with the domain D(Ap)=[W2, p(0) &
W 1, p0 (0)]
N and, for p>n, fp acting from D(A12p )=[W
1, p
0 (0)]
N to
[L p(0)]N is Lipschitz continuous on bounded sets.
As the a priori estimate it serves in this example the H 10(0) estimate of
u (hence Y=[H 10(0)]
N), which was given in [CO, pp. 612615].
However, (cf. [AL]) Cosner's assumption [CO, (3.19)] can be weakened
to the condition H(x, u)H0 |u| 2+H1 , H0 , H1>0 following from (30).
For
E0(t)=|
0
:
N
+=1 \ :
n
i=1
(u +xi)
2+(u +)2+ dx=&u&2[H1(0)]N (34)
and
E1(t)=|
0 \ 12 :
n
i, j=1
:
N
+, &=1
a +&ij (x) u
&
xi u
+
xj&H(x, u)+
1
2 K :
N
+=1
(u+)2+ dx, (35)
Cosner have obtained the following estimates:
E$1(t)K dE0(t), (36)
0 12c0E0(t)E1(t)+H1 |0|, (37)
where d # (d0 , 0) and K>2(H0+c0). Hence, for such d and K we have a
differential inequality:
E$1(t)
Kd
(12) c0
(E1(t)+H1 |0| ), t0, (38)
ensuring the asymptotic estimate (note that d<0)
lim sup
t  +
E1(t)&H1 |0|,
or from (37),
lim sup
t  +
E0(t)0.
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Therefore solutions are a priori bounded in [H 10(0)]
N and convergent to
0 in this space.
The growth restriction (31) coincides now with (16), and hence for
: # [:1 , 1) (:1 sufficiently large) the problem (28), (29) defines a strongly
continuous and compact semigroup on D(A:p). Since D(A
:
p)/[H
1
0(0)]
N,
: # [ 12 , 1), then V=D(A
:
p) and convergence of E0(t)=&u(t)&
2
[H 10(0)]
N to
zero shows that the global attractor reduces in this example to the trivial
set [0].
Remark 3. As was observed in [AL, pp. 282283] the assumption (30)
is too strong. Replacing it by a weaker inequality
lim sup
|u|  
( f (x, u), u)
|u| 2
0, (39)
in the case when the first order term in Ap is subordinated to its second
order term according to a condition:
_=>0 C \&c0+b0=2 ++
b0
2=
<0 (40)
(with constants c0 , b0 as in (30) and C as in the Poincare inequality
&,&2L2(0)C &{,&
2
L2(0)), one can get a non-trivial attractor for the semi-
group generated by (28), (29) on D(A:p) with : sufficiently close to 1 and
p>n.
Finally mention should be made of a number of specific examples given
both by Smoller [SM] (using the ``method of invariant regions'') and by
Rothe [RO, Part II], but there is no need to repeat this material here
because of its nice presentation in the source references.
Appendix
Simultaneously with the acceptance of this paper for publication we have
been informed by the Referee that similar in spirit studies of global attrac-
tors for second order parabolic systems were given in prepared for publi-
cations articles [C-R-F], [C].
It follows from Theorems 1, 2 of the present paper that asymptotically
independent of u0 estimate (3) is a necessary and sufficient condition for
existence of a global attractor for semigroups generated by semilinear
parabolic problems with uniformly strongly elliptic 2m-th order operators
A and nonlinearities satisfying restrictions (15), (16). This condition is
necessary, since whenever a global attractor on D(A:) exists, (3) must hold
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with Y=D(A:). For second order systems (m=1) and L(0) a priori
estimate (3) (l=0, r=) condition (16) admits arbitrary #0 # [1, +)
and #1 # [1, 2) and hence, in the part related to existence of global attrac-
tors, examples studied in [C-R-F], [C] are covered by our theory.
However, for any special problem the delicate and crucial point is to find
suitable estimate (3) and such considerations were presented in [C-R-F]
and [C].
An open and difficult problem is to get similar results covering critical
values #j=1+((2m&j)( j&l+nr)) of the exponents in (16). For higher
order operators A (m>1) global in time solvability of (1) for such #j is
generally unknown (cf. [WA]).
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